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Analysis of polarisation change in an electric field-driven liquid crystal lens of cylindrical type
where LC are aligned twisted

HyungKi Hong*

Department of Visual Optics, Seoul National University of Science and Technology, Nowon-gu, Seoul, Republic of Korea

(Received 14 February 2011; final version received 1 March 2011)

Electric field-driven liquid crystals (ELC) use the non-uniform distribution of LC directors and show strong depen-
dence on the polarisation direction of the incident light. Phase changes by an ELC lens where LC directors are
twisted are investigated. When the polarisation direction of incident light is parallel to the rubbing of the LC cell of
the ELC lens on the side of the incident light, the polarisation direction of the propagating light follows the twist
of the LC directors. Hence, outgoing light is still linearly polarised and its phase profile can be controlled to match
that of a geometric cylindrical lens.

Keywords: autostereoscopic 3D; liquid crystal lens; polarisation; switchable lens

1. Introduction

3D technology is gaining attention in new display
applications [1–3]. In the case of autostereoscopic
3D, where no special eyeglass is necessary to perceive
the depth, 2D/3D switching is necessary for wider
acceptance of 3D display as users still watch the 2D
image more often than 3D image. Various 2D/3D
switching technologies have been reported, such as
changing the liquid crystal (LC) refractive index at
the boundary of the lens, or changing the polarisa-
tion direction of incident light propagating through
an anisotropic lens [4–6]. One of reported switch-
ing technologies uses an electric-driven LC lens (ELC
lens) where non-uniform distribution of LC directors
causes the phase change of the propagating light sim-
ilar to that of a geometric lens [7]. Figure 1 illustrates
the phase change induced by the geometric lens and
ELC lens. In the ELC lens, the non-uniform electric
fields are caused by multiple electrodes connected to
different voltage levels. These electric fields induce
non-uniform distribution of the effective refractive
index of the LC. Therefore the phase profile of the
propagating light is affected, similar to the principle
of a Gradient Index (GRIN) lens [8–10]. The typi-
cal geometric lens or GRIN lens generally affects the
phase of the incident light regardless of the polarisa-
tion direction. However, in the ELC lens, the phase
change of incident light has a strong dependence on
the direction of polarisation.

In the reported ELC structure, only the case
where the rubbing direction of LC of homogeneous

∗Email: hyungki.hong@snut.ac.kr

alignment, polarisation direction and propagating
directions of the incident are on the same plane as
the y–z plane of Figure 1(b), is analysed [7]. Yet, it
often happens that the polarisation direction of the
incident light is not on the same plane. In that case,
some of the incident light will not be controlled by
ELC lens.

In this paper, how the incident light of any polar-
isation direction can be effectively controlled by ELC
lens is investigated. First, the phase change of the
propagating light is analysed for the various polari-
sation directions and the twist of LC directors. The
assumption of adiabatic following is used to under-
stand the polarisation change inside the ELC cell.
Then the actual phase change by the ELC is cal-
culated and compared with the condition of angles
derived from the adiabatic following.

2. Theory

An ELC lens that induces the effect of the cylindri-
cal lens is considered. It is assumed that the incident
light propagates along the z-direction and the LC cell
is on the x–y plane, as illustrated in Figure 2(a). It
is also assumed that thickness of the LC cell of the
ELC lens is much smaller than the focal length of
the lens, and hence the propagating direction of light
is not changed inside the LC cell. The direction of
the infinite radius of the lens and electrode of infinite
length along the y-direction is assumed as illustrated
in Figure 2(a). LC distribution along the y-direction
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(a)

(b)

Incident light of plane wave
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Focal point

LC

xd
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P2P1

Figure 1. Schematic diagram of phase change induced by
(a) the geometric lens and (b) the gradient of refractive
index of an ELC lens that is made by non-uniform dis-
tribution of LC directors. Dotted lines represent the wave
of the same phase. While linear polarisation of y-direction
is affected by the non-uniform distribution of LC direc-
tors, linear polarisation of x-direction is not affected. P1
and P2 represent the linear polarisation of x-direction and
y-direction, respectively.

is not considered. Angles of direction of the LC
director and incident polarisation are defined in
Figure 2(b). The incident light and the light inside
the LC cell can be represented by two linear polari-
sations P1 and P2 that are along the x-directions and
the y-direction, as illustrated in Figure 3.

When the LC cell is considered to consist of
meshes of finite size, the phase at the position (xm,
zn) inside the LC cell is determined by the direction
of the LC directors at position (xm, zn) [11, 12]. Each
mesh can be treated as one uniform uniaxial medium.
Phase change at the position (xm, zn) can be written
in Jones’s Matrix Representation as:

M(xm, zn) = R(−φ2(xm, zn))P(xm, zn)R(φ2(xm, zn)).
(1)

(a)

xd

yd

zd

Electrode on the lower substrate

Electrodes patterned
on the upper substrate

E-field

φ1

φ2

LC

Polarisation direction
of incident light

Direction of 
LC director

(b)

xd

yd

no

neff (θ)

Figure 2. (a) Schematic of an ELC lens of homoge-
neous alignment. Ellipsoids represent LC directors inside
the LC cell. LC directors align homogeneously along the
y-direction and rotate to the z-direction by the electric field.
(b) Notation of angles of LC directors and the polarisa-
tion direction of the incident light. The LC director on
the figure is projected on the x–y plane. neff(θ ) represents
the effective refractive index as the function of the polar
angle θ .

Rotation matrix R and propagation matrix P are
given as:

R(φ2) =
(

cos φ2 sin φ2

− sin φ2 cos φ2

)
, P(xm, zn)

=
(

exp
(−i 2π�z · no

λ

)
0

0 exp
(
−i 2π�z · neff (xm,zn)

λ

)) .

(2)

λ and �z represent the wavelength and size of mesh
along the z-direction. Then, overall phase change
that occurs as light passes through zn layers can be
written as:

M(xm) =
zN∑

zn=0

M(xm, zn). (3)

D
o
w
n
l
o
a
d
e
d
 
B
y
:
 
[
H
o
n
g
,
 
H
y
u
n
g
k
i
]
 
A
t
:
 
0
8
:
2
3
 
1
4
 
J
u
n
e
 
2
0
1
1



Liquid Crystals 691

xd
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xm

P1 P2P1 + P2

xM

zN

0
0

P1 (xm, zn) + P2 (xm, zn) 

Figure 3. Polarisation state inside the LC lens for the inci-
dent plane wave that propagates along the z-direction. P1
and P2 represent the linear polarisation of x-direction and
y-direction, respectively. xM and zN represent the lens pitch
and the thickness of the LC cell.

When LC directors align homogeneously along the
y-direction, φ2 is independent of the position (xm, zn)
and Equation (3) can be written as:

M(xm) = R(−φ2)
zN∑

zn=0

P(xm, zn)R(φ2)

= R(−φ2)

⎛
⎜⎝

exp
(
−i 2π ·zN ·no

λ

)
0

0 exp

(
−i

2π�z
∑
zn

neff (xm ,zn)

λ

)
⎞
⎟⎠R(φ2).

(4)

Unit vectors of P1 and P2 are (1 0) and (0 1) in
Jones’s Matrix Representation. Equation (4) shows
that the phase change for the P1 component of the
incident light is the same irrespective of position xm.
Local distribution of LC directors will only affect the
P2 component. This means that the ELC lens can
control the propagating direction of P2 but not P1
for the LC cell of homogeneous alignment.

Examples of various autostereoscopic 3D are
illustrated in Figure 4. A lenticular lens consists of
a multitude of cylindrical lenses. The direction of the
lenticular lens is defined as the direction of the infi-
nite focal length. In the case of an ELC lens using
an LC cell of homogeneous alignment, the direction
of a lenticular lens is parallel to the LC alignment
direction. Figure 4(a) illustrates the case where the
directions of the lenticular lens and the incident
polarisations are along the y-direction. Incident light
consists of only P2 polarisation. If an ELC lens is

(a)

zd

xd

yd

Polarisation // P2

FPD
ELC lens

(b)

FPD HWP

22.5°

(c)

Polarisation

FPD
Slanted lens

45°

θs

ELC lens

LC 
rubbing

LC 
rubbing

Figure 4. Examples of autostereoscopic 3D. (a) 2D /3D
switching displays where the polarisation direction of the
incident light and the direction of the lenticular lens are
vertical. (b) 2D /3D switching displays where polarisation
direction of the incident light is 45◦ and the direction of the
lenticular lens is vertical. (c) Autostereoscopic 3D where
the polarisation direction of the incident light is vertical
and the direction of the lenticular lens is slanted. The direc-
tion of the lenticular lens is defined as the direction of the
infinite focal length. FPD represents Flat Panel Display.
Double-sided grey and black arrows represent the direction
of the rubbing and the polarisation.

used as the lenticular lens, the propagating direction
of the incident light can be completely controlled by
the ELC lens, and the phase change by ELC lens is
determined by Equation (4).

Figure 4(b) illustrates the case where the polar-
isation direction on the x–y plane is 45◦ and the
direction of the lenticular lens is 90◦. A liquid crystal
display (LCD) of twisted nematic (TN) mode is one
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692 H. Hong

example of a FPD (flat panel display) that emits such
polarised light. Light coming from the FPD consists
of an equal amount of P1 and P2 polarisation. If
this light is directly incident on the ELC lens, the P1
component will not be affected by the ELC lens and
cause the degradation of 3D display performance. To
prevent such degradation, a half wave plate (HWP)
was placed between the FPD and ELC lens in Figure
4(b) [7]. The HWP converts the polarisation direction
from 45◦ to 90◦. The other case where the polarisa-
tion direction is not parallel to the direction of the
lenticular lens is in an autostereoscopic multiview
display, where a slanted lenticular lens is used as in
Figure 4(c) [13, 14]. When a suitable slanted angle
of the lenticular lens is selected, RGB subpixels in
the observed 3D image are reported to be uniformly
distributed.

As the polarisation direction of the incident angle
of an LCD is typically one of 0◦, 45◦ and 90◦, the
polarisation direction of the incident light is not par-
allel to the direction of the lenticular lens as well as
the LC direction of the ELC lens of homogeneous
alignment. Therefore light incident on the ELC lens
can be decomposed into P1 and P2 components. The
P1 component of the light leaving the ELC lens will
not match the desired light distribution, as its phase
profile is different from that of the lens profile. These
examples show the limitation of the reported ELC
lens structure of homogeneous alignment.

On the other hand, Equation (3) shows that the
phase and amplitude of P1 and P2 polarisations can
be controlled when the twist of the LC directors is
not zero. Thus, phase change by the twisted LC cell
is considered. Phase retardation � at each position is
defined as � = 2π · zN

(
neff (xm) − no

)
/λ. When the

change of the LC twist is sufficiently small compared
with the phase retardation �, and the polarisation
direction of the incident light is parallel or perpen-
dicular to the LC director on the side of incident
direction, the adiabatic following is known to hap-
pen [11, 12]. When the adiabatic following occurs, the
polarisation direction of the propagating light fol-
lows the twist of LC directors, and the polarisation
direction of the output light will be parallel or per-
pendicular to the rubbing direction of the LC on the
opposite side of the incident direction. In an ELC
lens, if the rubbing direction of LC on the side of one
substrate is selected to be parallel to the polarisation
direction of the incident light, and the assumption
of the adiabatic following is valid, the polarisation
direction of the outgoing light will be parallel to the
rubbing direction of the other substrate. If the rub-
bing direction of the other substrate is selected as
the y-direction, the outgoing light will consist only
of one polarisation parallel to the LC director on

(a) (b)

lower substrate

upper substrate

Propagating
light

LC

P2

xd

yd

zd

Sum of P1 & P2 

Figure 5. Adiabatic following in the ELC lens. (a)
Alignment of LC directors. Double-sided grey arrows rep-
resent the direction of the rubbing. (b) Polarisation direc-
tion as light propagates through the LC cell. Double-sided
black arrows represent the direction of the polarisation.

the opposite side of the incident direction, and the
phase change of this polarisation can be completely
controlled by the ELC lens. This is illustrated in
Figure 5.

If the polarisation direction of the incident light is
not parallel to the LC director on the side of incident
direction, it can be decomposed into two polarisa-
tions that are parallel and perpendicular to the LC
director. These two polarisations will follow the twist
of the LC directors, respectively. However, the effec-
tive refractive index for the polarisation perpendicu-
lar to the LC director is always the refractive index
of ordinary wave, no, irrespective of the direction dis-
tributions of the LC directors. Thus the phase profile
of the polarisation perpendicular to the LC director
will not match the phase profile of the geometric lens.

In the ELC lens, the LC directors do not twist
uniformly with the same polar angle θ at the posi-
tion xm, as the vertical and horizontal components of
electric field are non-uniform. Thus the actual phases
at each position of the ELC lens are calculated to
confirm the validity of the adiabatic following.

3. Simulation

The designed viewing distance of autostereoscopic
2-view display is determined as f (1 + 2 IOD/Plens)
where f is the focal length, IOD is the interocular
distance between the eyes and Plens is lens pitch [2].
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Liquid Crystals 693

As an example of lens design, an imaging display of
RGB subpixel configuration of vertical stripe type
and subpixel pitch of around 0.1 mm is considered.
Lenticular lens condition is selected such that the
focal length f is 1.7 mm and pitch of each cylindri-
cal lens is 0.2 mm. This corresponds to the condition
of autostereoscopic 2-view display with the designed
viewing distance of 1100 cm.

Material parameters of LC used for the simu-
lation are that the dielectric constant εe = 8.3 and
εo = 3, refractive index ne = 1.5977 and no = 1.4828,
elastic constant K11 = 13 pN, K22 = 5.8 pN,
K33 = 12.7 pN. The phase change caused by a
geometric lens of the focal length f and lens pitch
xM can be written as:

�φ = k · x2
d/2f ,0 < xd < xM/2. (4)

xd is the distance from the centre of lenticular lens
along the x-direction. The phase change by the ELC
lens should be larger than the maximum value of
Equation (4). The thickness of the LC cell is selected
as 50 μm. As the thickness of the LC cell of the ELC
lens is much smaller than the focal length of the lens,
it is assumed that propagating direction of the light
is not changed inside the LC cell.

Figure 6 illustrates the ELC structure used for
the simulation. Commercial software (Techwiz 2D)
is used to calculate the motion of LC directors under
the electric field [15]. Infinite length is assumed along
the y-direction and the periodic boundary condition

xd

zd

Patterned transparent electrode 
on the side of the upper substrate

Transparent electrode on the
side of the upper substrate

50 μm

5 μm 5 μm

Figure 6. Configuration of the ELC lens structure for the
simulation. The electrode on the side of the lower substrate
is not patterned. Electrodes on the side of the upper sub-
strate are patterned with the interval of 5 μm and width of
5 μm, and connected to the different voltage levels (colour
version online).

is used. The electrode on the side of the lower sub-
strate is not patterned and connected to the ground
voltage. Twenty electrodes of 5 μm width are located
with a distance of 5 μm on the side of the upper sub-
strate and connected to the different voltage levels.
If the rubbing direction on that side of the patterned
electrodes is not 90◦, domains may be generated by
the horizontal fringe fields. The fringe field of hori-
zontal direction is weaker on the lower side than the
upper side where multiple patterned electrodes exist.
Hence, the rubbing direction on the side of the upper
substrate is fixed as 90◦ and the rubbing direction
of the side of the lower substrate is selected as the
simulation parameter.

Examples where the polarisation direction of the
incident angle and the direction of the lenticular lens
are different are illustrated in Figure 4(b) and 4(c).
Performance of twist angles of 45◦ and 9.54◦ are
calculated and compared with a LC cell of homoge-
neous alignment. A slanted angle of 9.54◦ is selected,
as the spatial sub-pixel distribution of each viewing
zone was reported to be uniformly distributed for
autostereoscopic 9-view 3D display using a lenticular
lens at this slanted angle [13, 14].

Once distribution of the LC directors under vari-
ous driving voltages is calculated, polarisation states
at position xm are calculated using Equations (1) and
(3). The polarisation direction φ1 of incident light is
used as the other parameter.

4. Results and analysis

Figure 7 illustrates the calculated result for the ELC
lens of the homogeneous alignment. Figure 7(a)
shows LC directors and the contour line of electric
field distribution. Figure 7(b) shows that the nor-
malised intensity of P2 for the polarisation direction
of the incident light, φ1 = 45◦, 60◦, 90◦. The nor-
malised intensity of P2 decreases as the polarisation
direction of the incident light, φ1, deviates from 90◦.
Figure 7(c) shows the relative phase profile of the
geometric lens, P1 and P2 polarisation of light leav-
ing the ELC lens for the polarisation direction of the
incident light, φ1 = 90◦. While the phase profile of P2
is similar to that of the geometric lens, the phase pro-
file of P1 is quite different from that of the geometric
lens at the same driving voltage levels. Phase profiles
of P2 at the polarisation direction of the incident
light, φ1 = 45◦, 60◦ are calculated to be the same as
that of P2 at φ1 = 90◦. So, if the incident light consists
of P1 and P2 components, only the phase of P2 can
be controlled to match the lens profile by the ELC
lens of the homogeneous alignment.

Figure 8 illustrates the calculated result of the
distribution of the LC director and the normalised
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Figure 7. Calculated result for the ELC lens cell of homo-
geneous alignment. (a) Distribution of LC directors under
electric field. (b) Normalised intensity of P2 where the
polarisation directions of the incident light, φ1 are 45, 60
and 90◦. Numbers on the upper left side represent the con-
dition of φ1. (c) Phase profile of the geometric lens and
P1 and P2 for the polarisation direction φ1 = 90◦ (colour
version online).

intensity of the P2 component of the light leaving the
ELC lens of 45◦ twist. In Figure 8(a), LC directors
at the left side should be driven by the larger driving
voltage levels compared with those at the right side,
to obtain the symmetric phase profile. This can be

(b)

N
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m
al

is
ed

 in
te

ns
ity

x-direction (μm)

(c)
x-direction (μm)

Ph
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z-
di

re
ct
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(μ
m

)

–100 –50 0 50
100

Figure 8. Calculated result for the ELC lens cell of 45◦
twist. (a) Distribution of LC directors under electric field.
(b) Normalised intensity of P2 where the polarisation
directions of the incident light, φ1 are 45, 60, 90◦. Numbers
on the upper left side represent the condition of φ1. (c)
Phase profile of the geometric lens and P2 for φ1 = 45◦
(colour version online).

attributed to the interaction between the twist direc-
tion of LC directors and the horizontal driving field.
Figure 8(b) shows that the normalised intensity of
P2 is 1 at the polarisation direction of the incident
light, φ1 = 45◦, and decreases as φ1 deviates from 45◦.
Intensities at φ1 = 0◦ and 30◦ are similar to those
of 90◦ and 60◦, respectively. This means that linear
polarisation follows the LC twist as predicted by the
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assumption of adiabatic following. These calculated
results show that the assumption of the adiabatic
following is still valid for the ELC lens where dis-
tributions of LC directors are not uniform. Hence,
phase change of lens profile can still be obtained even
when the polarisation direction of the incident light
is not along the y-direction. If this twisted structure
is applied to that of Figure 4(b), HWP is no longer
necessary.

Figure 9 shows the contour map of the azimuth
angle of LC directors for the above two conditions. A

horizontal electric field induces the azimuth motion
of LC directors for these two conditions. They show
that the azimuth angle along the z-direction is not
uniformly changed.

Table 1 shows examples of voltage levels applied
to the patterned electrodes to make phase profiles
of the ELC lens similar to that of the geomet-
ric lens. While voltage levels of ELC of homoge-
neous alignment are symmetric with respect to the
11th electrode, those of ELC of 45◦ twist are not
symmetric.
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Figure 9. Contour map of the azimuth angle of LC directors under the electric field for the ELC lens cell of (a) homogenous
alignment and (b) 45◦ twist.

Table 1. Examples of voltage levels applied to the electrodes on the side of substrate when the phase profile of ELC lens is
similar to that of geometric lens. The 11th electrode corresponds to the centre of the cylindrical lens.

Electrodes 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

0 twist 3.3 2.7 2.5 2.3 2.2 2.1 2.0 1.8 1.6 1.3 1.0 1.3 1.6 1.8 2.0 2.1 2.2 2.3 2.5 2.7
45 twist 3.0 2.7 2.6 2.5 2.4 2.3 2.2 2.15 2.1 2.0 1.0 1.0 1.0 1.3 1.6 1.8 2.0 2.2 2.4 2.6
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696 H. Hong

In the case of a slanted lens of slanted angle φs,
the intensity of the P2 component will be approxi-
mately cos2(90 − φs) for an ELC cell of homogeneous
alignment. For example, if φs = 9.54◦, the normalised
intensity of P2 and P1 will be about 0.97 and 0.03,
and the propagating direction of P1 polarisation
will be different from the designed distribution. The
ratio between the unwanted light distribution and the
designed one is generally defined as 3D crosstalk.
It is reported that a few percent of crosstalk can
be observed and cause degradation of image qual-
ity [16]. Depending on the value of the slanted angle,
it may worthwhile considering the twisted configu-
ration to reduce the P1 component of the outgoing
light. Figure 10 illustrates autostereoscopic 3D where
the polarisation direction of the incident light and the
lenticular lens direction are different. In Figure 10(b),
the coordinate system is rotated with respect to the
z-axis such that the y-axis is parallel to the direc-
tion of the slanted lenticular lens. By applying the
proposed twisted ELC lens, linear polarisation of

(a)

yd
xd

zd

FPD

45°
Polarisation

ELC lens

LC 
rubbing

Polarisation

Polarisation

FPD
ELC lens

(b)

yd

xd

zd

Polarisation

LC 
rubbing

Figure 10. Configuration of ELC. (a) LC of 45◦ twist
is used for the polarisation direction of φ1 = 45◦. (b)
Patterned electrodes on the side of the right substrates
are slanted. Coordinate system is changed to match the
configuration of the slanted lens. Double-sided grey and
black arrows represent the direction of the rubbing and the
polarisation.

a designed phase profile can be obtained and the
unwanted light distribution can be reduced.

5. Conclusion

In an ELC lens where the LC is aligned with the
non-zero twist angle, the phase changes for each
polarised light have been analysed. When the polari-
sation direction of the incident light is different from
lenticular lens direction, phase of the leaving light
can be made to match the phase of the geometric
lens by selecting the rubbing direction on the lower
substrate parallel to the polarisation direction of the
incident light.

The proposed ELC lens structure of twisted
LC directors will be effective in making a sim-
plified configuration compared with the reported
structure where HWP was added to rotate the
polarisation direction or to reduce the amount of
light whose propagating direction is not correctly
controlled.
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